Abstract. Here we construct non-analytic solutions to a class of hypoelliptic operators with symplectic characteristic set and in the form of a sum of squares of real analytic vector fields.
Introduction and results
The purpose of this work is to construct non-analytic solutions to a class of partial differential equations P u = 0, where P = X 2 1 + X 2 2 + X 2 3 , and X 1 , X 2 , X 3 are real vector fields with real-analytic coefficients in R 3 . All points of R 3 are of finite type, and therefore by Hörmander's sum of squares theorem the operator P is hypoelliptic. Also, the characteristic set of P is symplectic, and therefore contains no curves orthogonal to its tangent space with respect to the fundamental symplectic form. This shows that the existence of such curves is not the deciding factor which distinguishes hypoellipticity from analytic hypoellipticity. It also shows that a necessary condition for analytic hypoellipticity, conjectured by Treves [Tr] , can not be sufficient. We shall explain all this in more detail after we state the main result. Theorem 1.1. Let k be an odd positive integer, and P be the operator in R 3 defined by
Then one can construct non-analytic solutions to the equation P u = 0 near the origin.
Remark. The class of operators in (1.1) is contained in a class studied by Oleinik and Radkevic [OR1] . There, necessary and sufficient conditions for analytic hypoellipticity are given. The existence of singular solutions is proved by indirect methods. The important point of our work is the explicit construction of singular solutions, especially formula (3.1). The construction here falls into the framework of the methods developed in recent years by Helffer [He] , Christ [C1] , [C2] , Hanges and Himonas [HH1] , [HH2] , Pham The Lai and Robert [PR] , and others.
In order to describe the implications of Theorem 1.1 we shall first state the general problem about analytic hypoellipticity of a sum of squares of vector fields. Let Ω be an open set in R n and X = {X 1 , · · · , X m } be a set of m real vector fields with real analytic coefficients in Ω. We assume that all points of Ω are of finite type. That is, the Lie algebra of the vector fields X has dimension n at every point of Ω. The generalized Laplacian for the vector fields X is the differential operator
This operator is hypoelliptic in Ω, [Ho] , [K] , [OR2] , [RS] , although it may not be analytic hypoelliptic [BG] . We recall that an operator P is hypoelliptic in Ω if for any open subset U of Ω and for any distribution u in D (U ) the condition
, and its characteristic set is Σ = {X 1 (x, ξ) = · · · = X m (x, ξ) = 0}. We shall assume that Σ is a real analytic submanifold of T * Ω. We recall that Σ is symplectic if the restriction of the fundamental symplectic form
to T Σ is non-degenerate. It has been proved by Treves [Tr] and Tartakoff [T] , independently, that ∆ X is analytic hypoelliptic in Ω if Σ is symplectic and p vanishes to second order on Σ. The symplecticity of Σ does not allow the existence of Treves curves in it. A non-constant curve α(t) inside the characteristic set Σ is said to be a Treves curve for Σ ifα is orthogonal to T Σ with respect to σ at every point of α. That is, σ(α, Θ) = 0, ∀Θ ∈ T Σ, at every point of α.
If k = 1 then the operator P in (1.1) is the well known Baouendi-Goulaouic operator which provided the first counterexample to analytic hypoellipticity of a sum of squares operator satisfying the finite type condition [BG] . In this case the principal symbol is p(x, ξ) = −(ξ In fact in all counterexamples to analytic hypoellipticity for the operators ∆ X found in the literature there exists a Treves curve inside their characteristic set, [BG] , [DZ] , [M] , [PR] , [He] , [HH1] , [C1] , [C2] . This is consistent with the following conjecture of Treves [Tr] .
Treves Conjecture. A necessary condition for the analytic hypoellipticity of ∆ X is the following condition (T): (T) The characteristic set of ∆ X contains no Treves curves.
Although this conjecture still remains an open problem, Theorem 1.1 implies the following related corollary.
Corollary 1.2. Condition (T) is not sufficient for the analytic hypoellipticity of
Proof. If k = 3, 5, 7, · · · , then the characteristic set of P in (1.1) is Σ = {x 1 = ξ 1 = 0}. Since Σ is symplectic it does not contain any Treves curves. Since by Theorem 1.1 P is not analytic hypoelliptic we conclude that condition (T) is not sufficient, which proves the corollary.
We mention that Grigis and Sjöstrand [GS] have shown analytic hypoellipticity for a class of operators ∆ X whose characteristic set is not symplectic but it does not contain any Treves curves. And, we conclude this section by stressing the implication of Theorem 1.1 that a hypoelliptic operator ∆ X may not be analytic hypoelliptic and this phenomenon may occur without the presence of Treves curves.
Proof of Theorem 1.1
First we remark that all solutions to equation P u = 0 are in C ∞ . Separation of variables suggests that we should look for non-analytic solutions of the form
where the functions A and w, and the positive constant µ are to be determined. By applying P formally to u we obtain
Thus u is a formal solution to P u = 0 if A satisfies the following ordinary differential equation
For u to be well defined in x 1 we shall require the condition
Also, for u to be well defined in x 2 we shall choose
Furthermore, the following lemma in [HH2] shows that the generalized eigenvalue problem (2.2)-(2.3) has infinitely many solutions, although only one will suffice.
Lemma 2.1. The eigenvalue problem (2.2)-(2.3) has a non-zero solution if and only if µ ∈ M , where
M = {µ : µ = 2j(k + 1) + k or µ = 2j(k + 1) + k + 2, j = 0, 1, 2, · · · }.
Moreover the solution is unique up to a constant factor and is of the form
where B µ is a polynomial which can be computed explicitly. Now by Lemma 2.1 and (2.4) for any µ ∈ M the function
is a well defined C ∞ function in the open set {x ∈ R 3 : |x 2 | < 1/ √ µ}, and a solution to P u µ = 0. It remains to show that u µ is not analytic near the origin. For any j ∈ {0, 1, 2, · · · } we have
Here we may assume that A µ (0) = 0. Therefore
for some C > 0 and independent of j. By (2.6) u µ is not analytic near 0 ∈ R 3 , and this completes the proof of Theorem 1.1.
Final remarks
1. The function A µ corresponding to µ = k is given by A(t) = e
Therefore by (2.5) the solution corresponding to µ = k takes the following explicit form:
dρ. is not analytic hypoelliptic near the origin of R 3+ , since any solution to the equation P u = 0, with P as in (1.1), is a solution to the equation ∆ X u = 0 too. If in addition k ≥ 3, and m j ≥ 1, j = 1, . . . , , then the characteristic set of ∆ X is equal to {x 1 = ξ 1 = 0} ⊂ T * (R 3+ ), which is symplectic. This shows that the phenomena described above are independent of the dimension 3. For related results in the special case of dimension two see Christ [C3] .
